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We discuss the semileptonic weak decays of P → P (P denotes a pseudoscalar meson). In these
timelike processes, the problem of the nonvalence contribution is solved systematically as well as
the valence one. These contributions are related to the light-front quark model (LFQM), and the
numerical results show the nonvalence contribution of the light-to-light transition is larger than of
the heavy-to-light one. In addition, the relevant CKM matrix elements are calculated. They are
consistent with the data of Particle Data Group.
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The study of exclusive semileptonic decays has at-
tracted much interest for a long time. Heavy-to-heavy
semileptonic decays, such as B ! Dl, provide an ideal
testing ground for heavy-quark symmetry and heavy-
quark eective theory (for a review, see [1]). On the
other hand, heavy-to-light and light-to-light weak decays
are much more complicated theoretically since there ex-
ists no guiding symmetry principle. Nevertheless, it is
essential to understand the reaction mechanisms of these
decay modes, because they are the main sources of infor-
mation on the CKM mixing matrix between heavy and
light quarks.
Hadronic matrix elements of weak P ! P transition is
described by two form factors. Phenomenologically, the
hadronic form factors can be evaluated in various mod-
els, including the popular quark model. However, since
usual quark-model wave functions best resemble meson
states in the rest frame, or where the meson velocities are
small, the form factors calculated in the non-relativistic
quark model are therefore trustworthy only when the
recoil momentum of the daughter meson relative to the
parent meson is small. As the recoil momentum increases
(corresponding to decreasing q2), we have to consider rel-
ativistic eects seriously.
It is well known that the LFQM [2,3] is a relativis-
tic quark model in which a consistent and fully rela-
tivistic treatment of quark spins and the center-of-mass
motion can be carried out. This model has many ad-
vantages. For example, the light-front (LF) wave func-
tion is manifestly Lorentz invariant as it is expressed in
terms of the momentum fraction variables (in \+" com-
ponents) in analogy with the parton distributions in the
innite momentum frame. Moreover, hadron spin can
also be correctly constructed using the so-called Melosh
rotation. The kinematic subgroup of the LF formal-
ism has the maximum number of interaction-free gener-
ators, including the boost operator which describes the
center-of-mass motion of the bound state (for a review
of LF dynamics, see [4]). The LFQM has been applied
in the past to study the heavy-to-heavy and heavy-to-
light weak decay form factors [5,6]. However, the weak
form factors were calculated only for q2  0 at the be-
ginning, whereas physical decays occur in the time-like
region 0  q2  (Mi −Mf )2, with Mi,f being the initial
and nal meson masses. Hence extra assumptions are
needed to extrapolate the form factors to cover the entire
range of momentum transfer [7,8]. Lately, the weak form
factors for P ! P transition were calculated in [9,10] for
the rst time for the entire range of q2, so additional ex-
trapolation assumptions are no longer required. This is
based on the observation [11] that in the frame where the
momentum transfer is purely longitudinal i.e. q? = 0,
q2 = q+q− covers the entire range of momentum trans-
fer. The price is that, besides the conventional valence-
quark contribution, we must also consider the nonvalence
conguration (or the so-called Z graph, see FIG. 1 (b)).
The nonvalence contribution vanishes if q+ = 0, but is
supposed to be important for heavy-to-light transition
near zero recoil [5,7,11,12]. Some methods for treating
this nonvalence conguration exist: the authors of Ref.
[10] considered the eective higher Fock state and calcu-
lated the eect in chiral perturbation theory. Ref. [13]
follow a Schwinger-Dyson approach and related the non-
















FIG. 1. (a) The Feynman triangle diagram. (b) corre-
sponds to the LF nonvalence configuration and diagram (c)
to the valence one. Filled and empty circles incidate vertex
functions and LF wave functions respectively.
In this letter, we present a new way of handling the
nonvalence contribution of P ! P transition. For com-
parsion, it will be instructive to analyze the known va-
lence contribution in parallel. The main advantage of
this way is that relativistic eects of the quark motion
and spin are treated consistently in both valence and
nonvalence congurations. We assume both normaliza-
tion conditions of meson and quark states and a sin-
gle interaction Hamiltonian to obtain both the Melosh
transformations of valence and nonvalence contributions.
Combining these two contributions, we calculate com-
pletely the form factors of the semileptonic decay and
the relevant CKM matrix elements.
We are interested in the matrix element which denes
the weak form factors by
1
hP 0j Q0γµQjP i = f+(q2)(P + P 0)µ + f−(q2) qµ; (1)
where q = P − P 0 is the momentum transfer. Assuming
a vertex function P [5,6] which is related to Qq bound
state of P meson, the quark-meson diagram depicted in
FIG. 1 (a) yields








p23 −m23 + i
 γ5 i(6p2 + m2)
p22 −m22 + i
γµ
i(6p1 + m1)
p21 −m21 + i
#
; (2)
where p2 = p1 − q and p3 = p1 − P . We consider the
poles in denominators in terms of the LF corrdinates
(p−; p+; p?) and perform the integration over the LF
\energy" p−1 in Eq. (2). The result is then


































on−p−3(1)on, and p−2 equals respectively
p−3on − P 0−on and P 0−on − p−3on in the rst and second term
of Eq. (3). It is worthwhile to mention every vertex
function and its denominator corresponds exactly to the
relevant meson bound state. This is clearer if we dene
Sj  p−j −p−jon and rewrite Eq. (3) in a more symmetrical
form:







SP + S1 + S3
Iµ
P 0









SP + S1 + S3
Iµ
P 0





In general, the integrals in Eq. (4) are divergent if
we treat the vertices as pointlike. Internal structures
for these vertices are therefore necessary. In the LFQM,
the internal structure [10,14,15] consists of  which de-
scribes the momentum distribution of the constituents
in the bound state, and RS,Szλ1,λ2 which creates a state of
denite spin (S; Sz) out of LF helicity (1; 2) eigen-
states and is related to the Melosh transformation [16].
Here we adopt a convenient approach relating these two
parts. The interaction Hamiltonian is assumed to be
HI = i
R
d3xΨγ5Ψ where Ψ is quark eld and  is me-
son eld containing  and RS,Szλ1,λ2 . On the one hand, if
we normalize the meson state depicted in FIG.2 (a) as
[10]
hM(P 0; S0; S0z)jHI HI jM(P; S; Sz)i
= 2(2)3P+3(P 0 − P )SS0SzS0z ; (5)





jvj2 = 1; (6)
where p1 and p2 are the on-mass-shell momenta; the va-

















FIG. 2. The Feynman diagrams of the self-energy of (a)
meson and (b) quark.
On the other hand, if we normalize the quark state de-
picted in FIG.2 (b) as
hQ(p03; s0)jHI HI jQ(p3; s)i = 2(2)33(p03 − p3)s0s; (8)





jnj2 = 1; (9)








p2on  p3on −m2m3 : (10)
After taking the \good " component  = +, the wave
function and the Melosh transformation of the meson are
related to the bound state vertex function P by
P
SP + S1 + S3

SP,P 0,1=0
−! Rv1,3 vP ;
P 0
SP + S2 + S3

SP,P 0,1=0
−! Rn2,3 nP 0 : (11)
In the trace of I+, p1, p2, and p3 must be on the mass
shell for self-consistency. Hence the matrix element in
LFQM is


























We use the denitions of the LF momentum variables
(x; x0; k?; k0?) [14] and take a Lorentz frame where P? =
P 0? = 0 amounts to having q? = 0 and k
0
? = k?. So
























where hP 0j Q0γ+QjP i = 2P+H(r), A = m1x+m3(1−x),
and A0 = m2x0 + m3(1 − x0). x (x0) is the momentum
fraction carried by the spectator antiquark in the initial
(nal) state in the rst term of (13). However, x0  1 the
second term of (13), which shows that the momentum p+3
of the spectator quark is larger than the P 0+ of the nal
meson.
As explained above, we shall work in the frame where
q? = 0 so that q2  0. Dening r  P 0+=P+ gives
q2 = (1 − r)(M2P − M2P 0=r). Consequently, for a given







P 0 − q2  2MpQ(q2)

; (14)
where Q(q2) = p(M2P + M2P 0 − q2)2 − 4M2P M2P 0=2MP .
The  signs in (14) correspond to the daughter meson re-
coiling in the z-direction relative to the parent meson.
The form factors f(q2) of course should be independent
of the reference frame chosen for the moving direction of
the daughter meson. For a given q2, it follows from (1)
that
f(q2) =  (1 r−)H(r+)− (1 r+)H(r−)
r+ − r− : (15)
It is easily seen that f(q2) are independent of the choice
of reference frames, as it should be. The scalar form
factor f0(q2) is related to f(q2) by










jVq1 q¯2 j2Q(q2)(1− 2s^)2













where GF is the Fermi constant, s^ = m2l =2q
2, ml is the
mass of lepton l, and Vq1 q¯2 is the CKM matrix element.
In principle, the momentum distribution amplitude
(x; k?) can be obtained by solving the LF QCD bound
state equation [4]. However, before such rst-principle
solutions are available, we shall have to use phenomeno-
logical amplitudes. The simplest conjecture is related
to the Melosh transformation eect; for example,  =
Nexp[−(A2+k2?)=(2!2)], where N is normalization con-
stant and ! is a scale parameter. However, the contri-
butions of the end-point regions (x ! 0; 1) for this wave
function are nonvanishing. Here we make a slight modi-
cation to:
(x; k?) = N [x(1− x)]1/n
"
!2
(A2 + k2?) + !2
#n
; (18)
where n is an integer. When n is large ( 10), the form
of this power-law wave function is almost the same as
the previous exponential one except at the end-points.
In addition, we do not treat n as a new parameter be-
cause the dierences between wave functions for dierent
large n’s are negligible. Thus the three parameters are
m1, m2, and ! in Eq. (18). We can use Eqs. (15), (16),
(13), and (18) to calculate the form factors of the pro-
cesses K0 ! ll(K0e3) and D0(B0) ! −l+l which
correspond to the light-to-light and heavy-to-light decay
modes, respectively. On the one hand, the parameters
appearing in the wave functions vK,pi are xed by as-
suming the quark masses mu = md and tting to the
experimental values of the decay constants fK,pi [17] and
the charged radii hr2iK+,pi+ [18,19]. On the other hand,
we determine the parameter ! in npi by tting the data
in Ref. [21] and treat it as universal among the other de-
cay modes. As for the D and B mesons, the parameters
are determined by assuming the quark masses mc = 1:3
GeV, mb = 4:5 GeV and tting to the lattice QCD val-
ues of the decay constant fD,B [20]. These parameters
are as listed below (in units of GeV):
mu,d = 0:2; ms = 0:32; mc = 1:3; mb = 4:5; !npi = 0:3;
!vpi = 2:34; !
v
K = 2:66; !
v
D = 3:19; !
v
B = 4:71:
























FIG. 3. The normalized form factor F+ for K
0
e3 decay com-
pared with the experimental data [21]. The definition of F+
is f+(q
2)/f+(0).
The numerical results of the form factor f+ for various
decay modes are ploted in FIG. 3, 4, 5. From these
gures, we easily nd, for the same nal meson, that
the nonvalence contributions are smaller when the inital
3
mesons are heavier. In addition, the nonvalence con-
tribution is important for heavy-to-light transition near
zero recoil (q2  q2max). This result is consistent with
the prediction in [5,7,11,12].



























FIG. 4. The form factor f+ for D
0 → pi−l+νl compared
with the lattice QCD data [22].
























FIG. 5. The form factor f+ for B
0 → pi−l+νl compared
with the lattice QCD data [23].
Finally, we can use the Eqs. (15), (16), (17) and the
experimental data of the relevant decay rates [17] to cal-
culate the three CKM matrix elements Vus, Vcd, and Vub.
These values from this work and Ref. [17] are listed in
TABLE I. The error bars in this work come from the
uncertainities of the decay widths. We nd these values
are consistent with [17].
In conclusion, a new treatment for the nonvalence con-
guration have been shown. We emphasize that the ver-
tex functions correspond to LF valence and nonvalence
wave functions exactly. The relativistic eects of the
quark motion and spin were also treated consistently in
both valence and nonvalence congurations. Therefore,
we are able to calculate the form factors of the semilep-
tonic decay completely. The numerical results showed
the nonvalence contribution of the heavy-to-light transi-
tion is smaller than that of the light-to-light one. In ad-
dition, the CKM matrix elements evaluated from these
form factors were consistent with the data in Particle
Data Group.
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